Under certain conditions, we prove a new class of one-sided, weighted, maximal inequalities for a standard Brownian motion. Our method of proof is mainly based on a comparison principle for solutions of a system of nonlinear first-order differential equations.
Introduction
Let B = (B t ) t≥ be a standard Brownian motion starting at zero, and let τ be any stopping time for B with finite expectation. It is well known that
where √  is the best possible constant. The one-sided maximal inequality () is proved in Dubins et al. [] ; see also [] . Recently, using a similar method of proof to Dubins et al. [] , the present author has proved the following weighted maximal inequality for a standard Brownian motion.
Theorem  Let B = (B t ) t≥ be a standard Brownian motion starting at x ≥ . Then the weighted maximal inequality
holds for any stopping time τ for B satisfying E x [τ ] < ∞. The constants  and / in () are the best possible.
The proof of the above theorem is essentially based on the next lemma, which can easily be proved using similar arguments to [].
Lemma  Assume that H(·) is a positive, continuous and differentiable function defined
on [a, ∞) with a ≥  such that H(a) ≥ . Consider the following optimal stopping problem: 
(b) the optimal stopping time τ * is of the Azéma-Yor type given by
where X t = |B t | and y → g * (y) is the maximal solution of the first-order nonlinear differential equation
Remark  A characterization of optimal stopping boundaries y → g * (y) in terms of the maximal solution of a nonlinear first-order differential equation for a general class of diffusion processes is given in Peskir [] .
Remark  For the existence of the maximal solution y → g * (y) of (), note that the righthand side of () is nondecreasing in g(·) provided that H (·) > .
It must be noted that the maximal solution of () can only be given explicitly in a few special instances. In the case when H(y) = y defined on [, ∞), then
for  < y < ∞ and c > . This leads to the proof of the weighted maximal inequality (). In the general case, the maximal solution y → g * (y) of () cannot be given explicitly. This general case is dealt with in this paper. As a result, we obtain a generalization of the one-sided, weighted, maximal inequality () and an extension of the well-known maximal inequality (). Throughout the paper, we shall assume the following: (A) H is a positive, continuous, and differentiable function defined on [a, ∞) with a ≥  such that H(a) ≥  and there exist constants K >  and M ≥  such that
holds for all (some) y > a.
The condition (A) plays a vital role in this paper. It is useful in establishing a two-sided, explicit estimate of the maximal solution y → g * (y) of (). This estimate is obtained via a comparison principle (see for instance [-] etc.), which is an important tool in the theory of ordinary differential equations.
Assume that condition (A) holds. Consider the nonlinear equation (), and an auxiliary comparison nonlinear equation of the form
under the restriction  < h(y) < y. Notice that () admits two positive solutions h  (y) and h  (y) such that the solutions satisfy h  (y) ≤ h  (y) for some  < y < ∞, where
is the minimal solution and
is the maximal solution with c > K for K >  and M ≥ . In the next section, using a comparison principle, a two-sided explicit estimate of the maximal solution y → g * (y) of () is given based on the maximal and minimal solutions of (). Our main emphasis is on the explicit estimates obtained. This permits the generalization of the weighted maximal inequality () to those with explicit constants.
Main results
The next lemma will play an important role in the proof of our main result, which follows.
Lemma  (Comparison principle)
Assume that condition (A) holds. Then the following positive bounds hold for the maximal solution y → g * (y) of ():
for some  < y < ∞, where h  (y) and h  (y) are given by () and (), respectively.
Our main result is stated and proved in the next theorem. 
